state-dependent feedback control could result in novel dynamics including various bifurcations.
Introduction
Although outbreaks of traditional infectious diseases have been prevented or controlled in the recent past, outbreaks of emerging infectious diseases such as SARS, H1N1 influenza, Dengue fever and Ebola, have provided new threats and challenges. Comprehensive prevention and control strategies, including integrated control impacts [3, 4] . Existing approaches to modelling the impact of integrated control measures have focused on how to include the tactics into models and address their effects on the dynamics and disease control. There are two types of important models to be chosen according to how the control 15 measures are implemented: continuous models with a continuous control strategy [1, 2, 3, 4] and continuous models with a discrete (pulse) control strategy [5, 6, 7] . The two types of models with the continuous vaccination and pulsed vaccination were compared with each other in epidemiological models [5] . The results of that study were confirmed by the pulse vaccination campaigns against 20 measles performed in 1994 in the UK, which revealed that a pulse vaccination strategy had a dramatic impact on the development of the epidemic.
The pulse vaccination strategy was applied at a fixed period T , i.e. at dis-
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crete times nT (n = 1, 2, · · · ) a proportion of the susceptible population was vaccinated and removed into the recovered or removed or vaccinated class instan- 25 taneously, which action can be formulated by impulsive differential equations with a fixed moment [8, 9, 10, 11, 12, 13, 14, 7] . The dynamical behaviour, including the existence and local stability of the disease free periodic solution has been investigated, which revealed that pulse vaccination was always capable of eradicating the diseases, usually doing better than continuous vaccination.
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Numerical bifurcation analyses depict that pulse vaccination can lead to very complex dynamics including chaotic behaviour. In addition, this type of modelling has been widely used for cancer treatment [15, 16, 17, 18, 19] and HIV control [20, 21] .
However, one common assumption of all the above models is that, regard-
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less of the size of the susceptible population, the pulse vaccination control is implemented at fixed periods. The obvious conclusion is that as long as the pulse period is small enough, the disease can be controlled and eradicated eventually. Moreover, from a mathematical point of view, fixed moment control will result in a non-autonomous system which poses a considerable challenge to 40 theoretical analysis. In particular, it is difficult to define the control reproduction number R c and investigate the threshold dynamics of the proposed models [8, 11, 12, 13, 14, 7] . In order to overcome the above shortcomings, a different modelling method is proposed in the present paper, i.e. we consider whether or not the integrated control strategy is implemented depends on the number the numbers in the susceptible and infected populations that are vaccinated and treated (or isolated), respectively, depend on their densities. This indicates that the pulse controls are nonlinear due to limitations on the amount of resources available. Note that linear pulse control has been addressed in the reference [38] , from which the existence and stability of a disease free periodic 70 solution were studied, and the bifurcations related to the key parameters were also investigated.
The main purpose of this study is to develop analytical techniques and provide a comprehensive qualitative analysis of the global dynamics by analyzing a planar impulsive SIR semi-dynamic model, and to address the effects of nonlin-75 ear feedback pulse control on the dynamics including the bifurcations in comparison with the results obtained in [38] . To achieve these aims, the existence and global stability of the disease free periodic solution (DFPS), which corresponds to the disease free equilibrium, are first addressed. The control reproduction number R c for the model with state-dependent feedback control can be defined 80 by the Floquet multiplier which ensures the local stability of the DFPS. It is interesting that the DFPS may also be globally stable even if the basic reproduction number R 0 of the classic SIR model is larger than one. In order to depict the threshold dynamics determined by the R c , we employ the bifurcation theories of the discrete one-parameter family of maps, which is determined by 85 control and vaccine design in bioengineering.
The model
Let S(t), I(t) and R(t) be the densities of susceptible, infected and removed parts of the population at time t, respectively, and then N (t) = S(t)+I(t)+R(t)
denotes the total population. Without loss of generality, we may assume that 100 the total population N (t) is a constant or tends to a constant as t approaches infinity. Therefore, for the classical SIR model we only need to consider the following two dimensional system:
where Λ denotes the birth rate, δ is the death rate, γ represents the recovery rate with q = γ + δ, and β denotes the transmission rate.
105
It is easy to know that the region
is an invariant set of model (1). Solving Λ − βSI − δS = 0 and βSI − qI = 0 with respect to I yields two isolines as follows:
5
A c c e p t e d M a n u s c r i p t N o t C o p y e d i t e d
where . = means definition in this paper.
By defining R 0 = 
then the unique endemic equilibrium P * (S * , I * ) is a globally stable node; If R 0 ∈ (R 1 , R 2 ) then P * (S * , I * ) is a globally stable focus, where 
The SIR model with state-dependent feedback nonlinear control
In order to consider the saturation phenomenon resulting from the limited resources, we fix the two impulsive functions to be nonlinear continuously differentiable functions 1 − η1S(t) S(t)+h1 S(t) and 1 − η2I(t) I(t)+h2 I(t). Here 1 > η 1 ≥ 0 represents the maximal vaccination rate and h 1 ≥ 0 denotes the half saturation 120 constant for the susceptible population. 1 > η 2 ≥ 0 represents the maximal treatment or isolation rate and h 2 ≥ 0 denotes the half saturation constant for the infected population. We assume that the initial density of the susceptible population is less than the threshold vaccination level S v and the integrated mitigating measures including vaccination, treatment and isolation are conducted 
Denoting the following functions
I+h2 and f (I) = I + B 2 (I) < I, then by simple calculations we have
It is easy to see that f (I) > 0 for all I > 0, which indicates that f (I) is a monotonically increasing function.
To prepare for the following definition and analysis of the Poincaré map, we first define two straight lines as follows:
Sv+h1 S v . Given that 0 < S v < K and substituting S = S v into h(S), yields the intersection point of two lines l 2 and l 3 , denoted by Q Sv = (S v , I Sv ) with
Similarly, we can get the intersection point of the two lines l 2 and l 4 , denoted
Existence and stability of the DFPS
135
Let I(t) = 0 and consider the following subsystem
7
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Solving equation (3) with initial value S 0 = S(0 + ) = S u we can obtain the following periodic solution
with period
This indicates that a DFPS exists for model (2) , denoted by (S T (t), 0), and for its stability we have the following main results (2) is globally asymptotically stable.
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Proof 1. It follows from Lemma A.1 in the Appendix that we have φ(S, I) =
I+h2 . By simple calculation one has
where
In particular, if h 2 = 0 then we have B 2 (0) = −η 2 with
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It follows from the monotonicity of the function ω 1 (x) . = ln(1 − x) + x and inequalities 0 < S u < S v ≤ K that we have J 2 > 0. Obviously, J 3 < 0 holds,
145
and we have
which indicates that if R 0 ≤ 1 then we have µ 2 < 1, and consequently the DFPS is locally stable.
For the global stability, we only need to show that the DFPS (S T (t), 0) is globally attractive. To do this, we assume, without loss of generality, that the Fig.1(B) . Moreover, we claim that I 0 = 0 must hold, otherwise it contradicts 
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Remark 2. The relationships between R 0 and R c have been shown in Fig.1(A) and (C) for R 0 < 1 and R 0 > 1, respectively. Although R 0 ≤ 1 indicates R c < 1 (Fig.1(A) ), we found that R c could be larger than R 0 once the threshold that the correct selection of the threshold level S v is beneficial to the control of the disease. However, the DFPS and interior equilibrium P * could coexist and bi-stability occurs in this case, which reveals some interesting dynamics related to the transcritical and backward bifurcations for model (2) (see more details in the coming sections), as shown in Fig.1(D) . V Su . Therefore, we can define the Poincaré map P M as
Now we define the impulsive set M as
which is a closed subset of R 2 + , where
+ , where f (I) is continuous and increasing in [0, I M ]. Thus, the phase set can be defined as follows:
Meanwhile, the Poincaré map P M can be determined by the impulsive points
190
in the phase set according to the phase portrait. To show this, we define a scalar differential equation in phase space
For model (6), we only focus on the region
in which the function G(S, I) is continuously differentiable. Further we denote
Then we have
Thus, P M takes the form in Ω
12
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Theorem 2. For R 0 ≤ 1, the Poincaré map P M of model (2) (2) is globally stable.
Proof 2. By simple calculations we have
It follows from S u ≤ S v < K and R 0 ≤ 1 that Λ − δS > 0 and −q + βS < 0 for S ≤ S v , while Λ − δS − βSI > 0 for I < I Su and Λ − δS − βSI < 0 for I > I Su .
All these results confirm that
∂G(S,I) ∂I
< 0 and
According to the theorem of Cauchy and Lipschitz with parameters on the scalar differential equation we have
Furthermore, it follows from the definition of the function
that we have
13
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and
Note that if h 2 = 0 then B 2 (0) = 0, thus one term − 2η2 h2 will disappear from the formula for
∂Y 2 . Then, it follows from the monotonicity of the function
> 0 and 
these results
215
confirm that the Poincaré map P M only has zero fixed point, i.e. P M (0) = 0, which is globally stable. Consequently, for model (2) there exists a unique DFPS which is globally stable.
Remark 3. It follows from the proofs of Theorems 1 and 2 that the global stability of the DFPS can be proved by using different methods, and the methods 220 shown in Theorem 2 could be widely employed in generalized systems.
Bifurcation and reproduction number
Note that if R 0 > 1, then for model (1) there exists a unique endemic equilibrium P * (S * , I * ). Thus, according to the positions among S v , S * and K we consider the following two cases:
14
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For case (C1), any solution initiating from the line l 4 will experience infinitely many impulsive effects. Moreover, it follows from
* that we have J 2 + J 3 < 0, i.e. R c < 1. This indicates that the 230 DFPS is locally stable for case (C1).
Moreover, for case (C1), the Poincaré map P M is well defined, which satisfies all properties shown in Theorem 2 by using similar methods. Thus, for case (C1)
we have the following main results: (2) is globally 235 stable. 
15
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Remark 4. Under the conditions of Theorem 3, we see that the uncontrolled ODE model will be stable in the endemic state P * (S * , I * ), as shown in Fig.2(D) .
If so, we only need to correctly choose the threshold of the susceptible population S v , i.e. S v < S * , then the disease can be successfully controlled such that it 240 quickly declines towards extinction, as shown in Fig.2 (A-C).
For case (C2), since the sign of J 2 +J 3 can vary, the DFPS could be unstable in this case. Thus, interesting dynamics may occur as parameter values vary.
For convenience, we only need to assume that the Poincaré map P M is well defined in the domain U (0 + ) = [0, ) for > 0 small enough in the following,
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as shown in Fig.1(D) , from which we can see that the P M is only well defined in a small interval U (0 + ) = [0, ). Based on this assumption, we address the bifurcations related to the DFPS and discuss the threshold dynamics determined by the R 0 and R c in the following.
Transcritical and pitchfork bifurcations for η 1 250
In this subsection we choose η 1 as the bifurcation parameter and focus on h 2 = 0 first. Thus, we consider J 2 + J 3 as a function of η 1 , i.e.
. By simple calculation we have
= 0 with respect to η 1 yields a unique root, denoted byη 1 , which is equivalent to the unique root of the equation S u = S * , i.e.
In order to ensure thatη 1 (i.e. 0 <η 1 ≤ 1), we need
Svh1
Sv+h1 ≤ S * < S v .
16
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Note that if η 1 ∈ (0,η 1 ) then we have S u > S * and
then we have S u < S * and dRc(η1) dη1
< 0. Moreover, it follows from R c (0) = 1 and
Thus, the DFPS is unstable and bifurcation does not occur at all. If S u < S *
255
(i.e. η 1 ∈ (η 1 , 1)), then the bifurcation could occur provided that there exists an η * 1 ∈ (η 1 , 1) with R c (η * 1 ) = 1, which means that we need R c (1) < 1. Further, according to the monotonicity of R c (η 1 ) we conclude that η * 1 is unique. All these results confirm that if 0 < η 1 < η * 1 then the periodic solution (S T (t), 0)
shows that the possible bifurcation could occur at
Therefore, we have
.
That is, in order to ensure that J 12 (1) < 0 (i.e. R c (1) < 1), we only need According to the inequality (9) we have
Thus,
= R c (η * 1 ) = 1 and the second condition of Lemma A.2 follows. By simple calculations we have
which indicates that Further, it follows from inequality (10) that
Denote
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and it is easy to know that k 1 (S u ) = 1 and k 1 (S v ) = R c (η 1 ). Taking the derivative of l 1 (s) with respect to s yields
,
Note that the function k 1 (s) is monotonically decreasing on the interval
285
[S u , S * ] and monotonically increasing on the interval [S * , S v ], which indicates
a monotonically increasing function. Moreover, we have (2) , as shown in Fig.1(D) .
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Note that the condition R c (1) < 1 can be replaced by the inequality
It follows from the conditions of Corollary 1 that the positive equilibrium P * exists which is stable for model (2) due to S v > S * . Moreover, the DFPS (S T (t), 0) is stable for all η 1 ∈ (η * 1 , 1), i.e. we have R c (η 1 ) < 1 for all η 1 ∈ (η * 1 , 1). Therefore, the stable DFPS (S T (t), 0) and stable equilibrium P *
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can coexist, as shown in Fig.1(D) , and there exists an unstable order-1 periodic solution which is bifurcated from (S T (t), 0) once the parameter η 1 increases and exceeds the critical value η * 1 . Obviously, the transcritical bifurcation generates a backward bifurcation, which is a novel result generated by the state-dependent pulse vaccination model (2) .
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In the following, we address the special case, i.e. M = 2η2 h2 . For this special case we only need to calculate
20
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Therefore, according to Lemma A.3 we have the following main results for this special case:
the Poincaré map of system (2) occurs with a pitchfork bifurcation at η * 1 . Furthermore, if Note that the formula of R c depends on the h 2 , in particular if h 2 = 0 then
follows from the monotonicity of J 12 (η 1 ) that R c (η 1 ) is monotonically increasing on the interval [0,η 1 ] and monotonically decreasing on the interval (η 1 , 1). In order to ensure that η * 1 exists and satisfies R c (η * 1 ) = 1, we need R c (η 1 ) > 1 which indicates that η * 1 ∈ (0,η 1 ). Further, if we have R c (1) < 1 then there exists a unique η * * 1 ∈ (η 1 , 1) such that R c (η * * 1 ) = 1. Therefore, if both the η * 1 and η * * 1 exist, then we have
and consequently we have the following main result: 
325
That is, an unstable positive fixed point of the P M (Y, η 1 ) appears when the parameter η 1 changes through η * 1 from right to left or through η * * 1 from left to right. Correspondingly, system (2) has an unstable positive periodic solution if
Note that when h 2 = 0, we could choose η 2 as a bifurcation parameter. If so, we have
21
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Letting R c (η 2 ) = 1 and solving it one has η *
2 ) = 1 which requires J 1 + J 2 > 0 to ensure that η * 2 is well defined. Moreover, S u > S * implies J 1 + J 2 > 0 holds true.
It follows from (4) that 
It follows from the monotonicity of the function
= ζ, and it is easy to see that ζ ∈ (1, R 0 ), where the definition and properties of the Lambert W function can be found in references [27, 29, 31] . Therefore,
By methods similar to those above we can evaluate the conditions of Lemma A.2, to give the following main results:
curs with the transcritical bifurcation at η 2 = η * 2 . That is, an unstable positive fixed point of the P M (Y, η 2 ) appears when the parameter η 2 changes through η * 2 from left to right. Correspondingly, system (2) has an unstable positive periodic solution if η 2 ∈ (η * 2 , η * 2 + ) with > 0 small enough. Particularly, the condition of J 2 + J 3 > 0 can be strengthened to be 1 ≤ 
22
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Transcritical bifurcation for threshold level S v
In this subsection, we choose the threshold level S v as a bifurcation parameter, which can help us to evaluate how to determine the number in the population to be vaccinated such that the disease could be eradicated. To do this, we consider the control reproduction number R c as a function of S v , i.e.
we have R c (S v ) = exp(J 12 (S v )) and
By simple calculations we have
If
If S u > S * , then ω 3 (S u ) > 0. Taking the derivative of ω 3 (x) with respect to x yields ω 3 (x) = q δ
Thus, we have
In conclusion, no matter what the position between S u and S * is, we always have dJ12(Sv) dSv > 0, i.e. J 12 (S v ) is a monotonically increasing function of S v .
Moreover, we have
It follows from the continuity of the function J 12 (S v ) that there exists a
Further, by simple calculations we have
By employing similar methods to those shown in Theorem 4 we can address 345 the signs of
. Therefore, we have the following main results: (2) occurs with a pitchfork bifurcation at S * v . Furthermore, if
< 0, then the Poincaré map (2) occurs with a supercritical pitchfork bifurcation such that it appears as a stable positive fixed point; if Similarly, for the special case h 2 = 0 we have
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and according to the properties of the function J 12 (S v ) we have 
By calculations we have 
, then we have
25
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is monotonically increasing on the interval (S v δ, +∞).
Moreover, it follows from lim Λ→+∞ Otherwise, we assume that there exists a uniqueΛ ∈ (δS v ,Λ) such that All these results confirm that the DFPS is unstable and the bifurcation does not occur at all for this case.
(b) WhenΛ ≤ δS v , from which we have According to lim Λ δ →+∞ J 12 (Λ) = 0 we have J 12 (Λ) > 0 for all Λ ∈ (δS v , +∞) and then R c (Λ) > 1 holds true, and again the DFPS is unstable and the bifurcation does not occur at all for this case.
26
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(ii) If > 0 for all Λ ∈ (δS v , +∞). By using methods similar to those in (b) we can show that J 12 (Λ) > 0 for all Λ ∈ (δS v , +∞) and R c (Λ) > 1, which indicates that no bifurcation occurs at all in such case.
Otherwise, we assume thatΛ ≤ δS v , then we have 
is monotonically decreasing on the interval (S v δ, +∞) and R c (Λ) > 1 for all Λ, which means that the DFPS (S T (t), 0) is unstable. If and S * , critical value Λ * exists and is unique. Moreover, according to 
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Note that if h 2 = 0 and P M (Y ) occurs with bifurcations with respect to parameters η 1 , η 2 , S v , Λ, then we must have
= M > 0. Thus, we conclude that: Theorem 9. If h 2 = 0 and P M (Y ) occurs with a bifurcation with respect to the parameters η 1 , η 2 , S v , Λ, then it must be a transcritical bifurcation and 450 generates an unstable interior periodic solution, i.e. a backward bifurcation occurs and bistability appears when the DFPS of model (2) and the interior equilibrium P * (S * , I * ) can coexist.
Discussion
The basic or control reproduction number plays a key role in analyzing dy-
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namics of epidemic models, but how to define and calculate it is challenging due to the complexity of the various control measures involved in the models.
In particular, most control measures are implemented instantaneously, which
28
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can be modelled by impulsive differential equations with fixed or unfixed moments. Infectious disease models with pulse vaccination or treatment strategies
460
have been widely studied recently [5, 19, 8, 10, 15, 20, 13, 7] , and most of the models assume that the pulse vaccination or treatment tactics occur at a fixed period (i.e. fixed moment) resulting in non-autonomous periodic systems. If so, we cannot employ the theories of dynamic systems, especially the theories of impulsive dynamical systems, to study the dynamic behaviour of the model, these results confirm that state-dependent feedback control can be effectively used for mitigating and eradicating infectious diseases [8, 12, 11, 13, 14, 7] .
The control reproduction number R c for model (2) could be defined based on the threshold condition for the stability of the DFPS (S T (t), 0). Further,
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the bifurcation analyses of the discrete one-parameter family of maps, which is determined by the Poincaré map of the proposed model (2), related to all interesting parameters of model (2) confirm that R c can determine the threshold dynamics of model (2) . In particular, the super-critical or sub-critical trans-
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critical and pitchfork bifurcations related to the maximal vaccination rate η 1 , treatment or isolation rate η 2 , threshold size S v and model parameter Λ have been shown when we assume that the Poincaré map P M is well defined in the neighborhood of U (0 + ).
In fact, the Poincaré map P M (Y ) is well defined for all small Y shown in Fig.2(D) . Moreover, it can be confirmed from the properties of the phase portrait However, since the sign of 
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determine the threshold valueR c , a challenge for future work.
Moreover, the relations between R c and R 0 for the four interesting parameters shown in Fig.1(A) and (C) and Fig.3 reveal that no matter whether the R 0 is greater than or less than 1, there is a certain parameter space that makes R c greater than R 0 . The results shown in Fig.1(A) confirm that the imple-525 mentation of integrated control measures is not conducive to the elimination of disease when the control threshold level S v is less than the critical valueS v , and the results shown in Fig.1(C) show the importance of selecting the threshold level S v for infectious disease control. Moreover, the results presented in Fig.3 provide an important way of thinking about how to control infectious diseases.
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For example, if
e. the δ domain ofη 1 ). Numerical simulations reveal that this phenomenon occurs only when the maximal vaccination η 1 is very small, as shown in Fig.3(A) . Note that the biphasic vaccination rate results in an inverted U-shape curve for η 1 shown in Fig.3(A) , i.e. too low a The results shown in Fig.3(B) clarify that only high rates of effective treatment or isolation could successfully mitigate or eradicate the infectious disease.
The birth rate Λ could also influence the R c significantly, as shown in Fig.3(D) .
For the parameter values given in Fig.3(D) we have which will tend to 1 eventually, and this is the case shown in Fig.3(D) . The Also, the results shown in Fig.3(D) demonstrate that for a relatively large birth rate Λ we must choose a high vaccination rate η 1 such that R c < 1. In con-570 clusion, in order to effectively control the outbreak of infectious diseases, we should take effective, timely, measures that are stronger than usual, including vaccination, treatment and isolation, which should be adopted in relation to monitored population births and growth.
The properties of the function f (I) = 1 − Then there are α 1 < 0 < α 2 and ε > 0 such that (i) If α 1 < α < 0, then G α = G(., α) has two fixed points, 0 and x 1α > 0 in (−ε, ε), then the origin is asymptotically stable and the other fixed point is unstable.
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(ii) If 0 < α < α 2 , then G α has two fixed points, 0 and x 1α < 0 in (−ε, ε).
The origin is unstable, the other fixed point is asymptotically stable.
Note that the case ∂ 2 G ∂x∂α (0, 0) < 0 is handled by making the change of parameter α → −α. If the inequality (4) is reversed (i.e. ∂ 2 G ∂ 2 x (0, 0) < 0), then (i) If α 1 < α < 0, then G α has two fixed points, 0 and x 1α < 0 in (−ε, ε).
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The origin is asymptotically stable, the other fixed point is unstable.
(ii) If 0 < α < α 2 , then G α has two fixed points, 0 and x 1α > 0 in (−ε, ε).
The origin is unstable, the other fixed point is asymptotically stable. (ii) If 0 < α < α 2 , then G α has three fixed points in (−ε, ε). The origin is an unstable fixed point, the two others, x 1α < 0 < x 2α , are asymptotically 635 stable.
Note that the case ∂ 2 G ∂x∂α (0, 0) < 0 is identical to the above after the change of parameter α → −α. If ∂ 3 G ∂x 3 (0, 0) > 0, it is a so-called subcritical pitchfork bifurcation. Then for α < 0, there are three fixed points near the origin, but only x = 0 is asymptotically stable. For α ≥ 0, the origin is the unique fixed 640 point near x = 0, and it is unstable.
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with pulse vaccination and saturation incidence, Vaccine 24 (2006) 6037-6045.
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